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Question 1

a First, consider the constraint: 0 ≤ ct ≤ gt. This will not bind at either boundary.
If ct = 0 at some t, the CRRA function will yield an infinite marginal utility. If
ct = gt, this means ct+1 = 0, and this will also lead to an infinite marginal utility.
Thus, it is optimal for the agent to always choose c∗t ∈ (0, gt) and this constraint can
be disregarded from the optimization. (You can verify this formally by using KKT
conditions)

Second, we can consolidate the constraint:

gt+1 = g0 −
t∑

τ=0
cτ

This implies

g0 = gt+1 +
t∑

τ=0
cτ ⇒ g0 =

∞∑
τ=0

cτ

Then, we could set up the Lagrangian for the agent:

L =
∞∑

t=0
βtu(ct)+λ

[
g0 −

∞∑
τ=0

cτ

]

b The first-order conditions of this problem are:

∂L

∂ct
= 0=⇒βtu′(ct)=λ

∂L

∂ct+1
= 0=⇒βt+1u′(ct+1)=λ

The intertemporal Euler equation is

u′(ct)=βu′(ct+1)
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c The value function at time 0 is

V (g0)= max
{ct}∞t=0

∞∑
t=0

βtu(ct)

We can rewrite this as follows.

V (g0)=max
{c0}

u(c0)+ max
{ct}∞t=1

∞∑
t=1

βtu(ct)

=max
{c0}

u(c0)+β max
{ct+1}∞t=0

∞∑
t=0

βtu(ct+1)

=max
{c0}

u(c0)+βV (g1) s.t. g1 = g0 − c0

The time t value function is

V (gt)=max
{ct}

u(ct)+βV (gt+1) s.t. gt+1 = gt − ct

In conventional notation,

V (g)=max
{c}

u(c)+βV (g′), s.t. g′ = g− c

d Plug the constraint into the objective function:

V (g)=max
{c}

u(g− g′)+βV (g′)

The first order condition w.r.t g′ is

−u′(g− g′)+βV ′(g′)= 0

We invoke the envelope condition to obtain V ′(g′). Differentiate the objective func-
tion w.r.t g and update one period ahead.

V ′(g)= u′(g− g′) ⇒ V ′(g′)= u′(g′− g′′)

Combining with the F.O.C above gives us the same Euler equation.

u′(g− g′)=βu′(g′− g′′) ⇒ u′(ct)=βu′(ct+1)

e Given CRRA utility, u(c)= c1−γ
1−γ , the Euler equation is

c−γt =βc−γt+1 ⇒ ct+1

ct
=β1/γ

2



The growth rate of consumption is 0 < β1/γ < 1. This implies ct = βt/γc0. Plugging
this into the budget constraint gives

g0 =
∞∑
τ=0

cτ

= c0(1+β1/γ+β2/γ+·· · )
= c0

1−β1/γ

The optimal consumption and saving is therefore

c∗t = (1−β1/γ)gt g∗
t+1 =β1/γgt

f The optimal consumption and saving implies

ct = (1−β1/γ)gt = (1−β1/γ)βt/γg0

Time-0 value function is

V (g0)=
∞∑

t=0
βt c1−γ

t

1−γ

Plugging ct into above gives

V (g0)= g0

1−γ (1−β1/γ)−γ = u(g0)(1−β1/γ)−γ

Then it immediately follows that

V (gt)= u(gt)(1−β1/γ)−γ

Question 2

Part a

Note that log(X t/X̄ t)≈ X t−X̄ t
X̄ t

= X̂ t

a) Detrending gives

âX t = aX t −aX̄ t

aX̄ t
= X t − X̄ t

X̄ t
= X̂ t

b) Taking logs and detrending gives

X̂ a
t = X a

t − X̄ a
t

X̄ a
t

= log(X a
t /X̄ a

t )= a log(X t/X̄ t)= aX̂ t
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c) Taking logs and detrending gives

�X tYt = X tYt − X̄ tȲt

X̄ tȲt
= log(X tYt)− log(X̄ tȲt)= log(X t/X̄ t)+ log(Yt/Ȳt)= X̂ t + Ŷt

d) Taking logs and detrending gives

X̂ t

Yt
=

X t
Yt

− X̄ t
Ȳt

X̄ t
Ȳt

= log(X t/Yt)− log(X̄ t/Ȳt)= log(X t/X̄ t)− log(Yt/Ȳt)= X̂ t − Ŷt

e) Detrending gives:

àX t +Yt = X t +Yt − (X̄ t + Ȳt)
X̄ t + Ȳt

= X̄ t

X̄ t + Ȳt

(X t − X̄ t)
X̄ t

+ Ȳt

X̄ t + Ȳt

(Yt − Ȳt)
Ȳt

= X̄ t

X̄ t + Ȳt
X̂ t + Ȳt

X̄ t + Ȳt
Ŷt

f) Detrending gives:

àX t −Yt = X t −Yt − (X̄ t − Ȳt)
X̄ t − Ȳt

= X̄ t

X̄ t − Ȳt

(X t − X̄ t)
X̄ t

+ Ȳt

X̄ t − Ȳt

(Yt − Ȳt)
Ȳt

= X̄ t

X̄ t − Ȳt
X̂ t + Ȳt

X̄ t − Ȳt
Ŷt

Part b

a) Applying the formulas above:

Ŷt = C̄
C̄+ Ī + Ḡ

Ĉt + Ī
C̄+ Ī + Ḡ

Î t + Ḡ
C̄+ Ī + Ḡ

Ĝ t

b) Applying the formulas above:

K̂ t+1 = Ī
Ī + (1−δ)K̄

Î t + (1−δ)K̄
Ī + (1−δ)K̄

K̂ t

Note that at the constant trend, K t+1 = K t = K̄ , this implies Ī = δK̄ . Then, the
linearized equation can be simplified as follows:

K̂ t+1 = δÎ t + (1−δ)K̂ t

c) Applying the formulas above:

Q̂t =−γ(Ĉt+1 − Ĉt)

d) Applying the formulas above:

Ŵt − P̂t = Ât − (1−α)N̂t
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